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Chapter 1

Basic facts

In the following K will always be a number field, p a prime number and Zp the
additive group of p-adic integers. Morever, Λ = Zp[[T ]].

We state, without proof, the following results found in §13.2 of [1].

1. f ∈ Λ⇒ Λ/(f) is infinite.

2. Λ is a Noetherian ring.

3. (p, T ) is the unique maximal ideal of Λ.

Definition 1.1. The extension K∞/K is called Zp-extension of K if

Gal (K∞/K) ' Zp.

Definition 1.2. Let Γ be a topological group. We say that γ is a topological
generator of Γ if < γ > is dense in Γ.

Example 1.3. Take Γ the mupliplicative topological group isomorphic to the addi-
tive group Zp. Let γ correspond to 1 ∈ Zp under the above isomorphism. < 1 >= Z
and is dense in Zp. Thus, γ is a topological generator of Γ.

Definition 1.4. Let G be a topological group. The commutator subgroup of
G is the closure of

{aba−1b−1 | a, b ∈ G}

Remark 1.5. Let G a be topological group and G′ its commutator subgroup. We
have that G/G′ is abelian.
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Definition 1.6. Let M,M ′ be two Λ-modules.
We say that M is pseudo-isomorphic to M ′, written

M ∼M ′,
if it exists homomorphism φ : M →M ′ with |ker (φ)|, |coker (φ)| <∞ i.e. there is
an exact sequence of Λ-modules

0→ A→M →M ′ → B → 0,

with A,B finite Λ-modules.

Remark 1.7. M ∼M ′ doesn’t imply M ′ ∼M in general.

Remark 1.8. Let M,M ′ be two fin. generated Λ-torsion Λ-modules then

M ∼M ′ ⇔M ′ ∼M.

Theorem 1.9. Let M be a fin. generated Λ-module. Then,

M ∼ Λr ⊕
(

s⊕

i=1

Λ/(pki)

)
⊕




t⊕

j=1

Λ/(fj(T )mj


 ,

where r, s, t, ki,mj ∈ Z and fj is distinguished and irreducible.

Proof. Theorem 13.12 of [1] (page 271)



Chapter 2

Iwasawa’s Theorem

In this chapter we prove the following

Theorem 2.1. Let K∞/K be a Zp-extension. Let

h(Kn) = pen · r
where p 6 |r. Then there exist integers λ ≥ 0, µ ≥ 0, ν all independent of n,

and integer n0 s.t.
en = λn+ µpn + ν, ∀n ≥ n0

Let Γ = Gal (K∞/K) ' Zp and let γ0 be a topological generator of Γ. Let
Ln be the maximal unramified abelian p-extension of Kn and L := ∪Ln. Let
Xn := Gal (Ln/Kn) and X := Gal (L/K∞). Let G := Gal (L/K).

Remark 2.2. Xn ' An = p-Sylow of the ideal class group of Kn.

If h(Kn) = pen · r, where p 6 |r then

|Xn| = pen .

We have the following diagrams.

L
X

||||||||

G


















K∞

K

G/X=Γ
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L
X

zzzzzzzz

K∞

Ln

Kn

Xn

zzzzzzzz

L2

K2

X2

zzzzzzzz

L1

K1

X1

zzzzzzzz

K

Assumption. All primes which are ramified in K∞/K are totally ramified.

All proofs are done under this assumption. In [1] it is shown that this assumption
can easily bre removed.

Let γ ∈ Γ and x ∈ X. Then γ acts on x by

xγ = γ̃xγ̃−1,

where γ̃ is an extension of γ to G.

The polynomial 1 + T ∈ Λ acts as γ0 ∈ Γ.

Let p1, ..., ps the primes which ratify in K∞/K and fix a prime p̃i of L lying above
pi, (1 ≤ i ≤ s).
Let Ii ⊆ G be the inertia group. Since L/K∞ is unramified,

Ii ∩X = 1.
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Since K∞/K is totally ramified in pi,

Ii ↪→ G/X = Γ

is surjective, hence bijective. So

G = IiX = XIi, i = 1, ..., s.

Let σi ∈ Ii map to γ0. Then σi is a topological generator of Ii. Since

Ii ⊆ XIi,
we have

σi = aiσ1

for some ai ∈ X.

Note that a1 = 1.

Lemma 2.3. (Assuming the ”Assumption”). Let G′ be the closure of the commu-
tator subgroup of G. Then

G′ = Xγ0−1 = TX.

Proof. Lemma 13.14 of [1] (page 278).

Let

Y0 := < Xγ0−1, a2, ..., an > ⊂ X
as a Zp-submodule.

Lemma 2.4. (Assuming the ”Assumption”).

X0 ' X/Y0.

Proof. We have K ⊆ L0 ⊆ L. Since L0 is the maximal abelian unramified p-
extension of K, and since L/K is a p-extension, L0/K is the maximal unramified
abelian subextension of L/K. Therefore Gal (L/L0) must be the closed subgroup
of G generated by G′ and all the inertia groups I1, ..Is. This implies that,

Gal (L/L0) = < Xγ0−1, I1, I2, .., Is > ∼= < Xγ0−1, I1, a2, .., as >.

So,
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X0 = Gal (L0/K) = G/Gal (L/L0) = XI1/Gal (L/L0)

∼= X/< Xγ0−1, a2, .., as > = X/Y0.

Lemma 2.5. (Assuming the ”Assumption”). Let

νn :=

pn−1∑

i=0

γi0 =
(1 + T )p

n − 1

T
.

Then

Xn ' X/νnY0, ∀n ≥ 0.

Proof. We proved the n = 0 case above.

For n ≥ 1. We have that

Xn = Gal (Ln/Kn) = Gal (L/Kn)/Gal (L/Ln) = XIn1 /Gal (L/Ln)

Replace γ0 with γpn0 .

Then σi becomes σpni . Observe that

σk+1
i = (aiσ1)k+1 = aiσ1aiσ

−1
1 σ2

1aiσ
−2
1 ...σk1aiσ

−k
1 σk+1

1

= a
1+σ1+...+σk1
i σk+1

1 .

Therefore,

σpni = (νnai)σ
pn
1 .

So, ai is replaced by νnai. Finally, Xγ0−1 is replaced by (γpn0 − 1)X = νnX
γ0−1.

Therefore, Y0 becomes νnY0 and the proof is complete.

We above lemma allows to retrieve information about Xn from information about
X.
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Lemma 2.6. (Nakayama’s Lemma). Let X be a compact Λ-module. Then

X is fin. generated over Λ ⇔ X/(p, T )X is finite.

If x1, ..., xn generate X/(p, T )X over Z, then they also generate X as a Λ-module.
As special case of that,

X/(p, T )X = 0⇔ X = 0.

Proof. Lemma 13.16 of [1] (page 279).

Lemma 2.7. (Assuming the ”Assumption”). X is finitely generated Λ-module
and

Xn ' X/νnY0, ∀n ≥ 0.

Proof. Clearly ν1 ∈ (p, T ), so Y0/(p, T )Y0 is a quotient of Y0/ν1Y0 ⊆ X/ν1Y0 = X1,
which is finite.

Therefore Y0 is finitely generated. Since X0 = X/Y0 is finite, X is finitely gener-
ated. The rest come from the previous lemma.

We have that

0→ Y0 ↪→ X → X/Y0 → 0.

This implies that Y0 ∼ X.

Since X is fin. generated, by theorem 1.9, we have that

Y0 ∼ X ∼ Λr ⊕
(

s⊕

i=1

Λ/(pki)

)
⊕




t⊕

j=1

Λ/(fj(T )mj


 ,

where r, s, t, ki,mj ∈ Z and fj is distinguished and irreducible.

We shall calculate V/νnV for each of the summands V on the right side.

(1) V = Λ.

Λ/(νn) is infinite. Since, Y0/νnY0 is finite and Λr/(νn) ⊂ Y0/νnY0, it follows that
r = 0.

(2) V = Λ/(pk). We have that

V/νnV ' Λ/(pk, νn)
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|V/νnV | = pk(pn−1) = pkp
n−k

(3) V = Λ/(f(T )m).

Let

g(T ) := f(T )m.

and let deg(g) := d. g is also distiguished. Hence,

g(T ) ≡ T d mod p

We have:

T d = g(T ) + pQ(T )

for some Q(T ) and

T d ≡ pQ(T ) mod g

T dT k−d ≡ p(T k−dQ(T )) mod g

T k ≡ p(T k−dQ(T )) mod g

for k ≥ d. If pn ≥ d then

(1 + T )p
n ≡ (1 + pQ′(T )) mod g

for some Q′(T ). Then,

((1 + T )p
n
)p ≡ ((1 + pQ(T )))p mod g

(1 + T )p
n+1 ≡ 1 + p2Q′′(T ) mod g

for some Q′′(T ). It follows that

Pn+2(T ) = (1 + T )p
n+2 − 1

=
[
(1 + T )(p−1)pn+1

+ ...+ (1 + T )p
n+1

+ 1
] [

(1 + T )p
n+1 − 1

]

≡ (1 + ...+ 1 + p2(polyn.))(Pn+1(T )) mod g

≡ p(1 + p(polyn.))Pn+1(T ) mod g.
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Note that 1 + p(polyn.) is a unit in Λ.

(Recall that: a0 + Tf with f ∈ Λ is a unit in Λ ⇔ a0 ∈ Z×p )

Therefore, Pn+2

Pn+1
acts as p(unit) on V = Λ/(g) for pn ≥ d.

Assume n0 > 0, pn0 ≥ d, n ≥ n0. Then

νn+2

νn+1
=
Pn+2

Pn+1
,

and

νn+2V =
Pn+2

Pn+1
(νn+1V ) = pνn+1V.

Therefore,

|V/νn+2V | = |V/pV ||pV/pνn+1V | = |V/νn+1V |

for n ≥ n0. The last equality holds because since (g, p) = 1, multiplication by p is
injective.

We have that

V/pV ' Λ/(p, g) = Λ/(p, T d) = Zp[[T ]]/(p, T d) = Fp[[T ]]/(T d).

So

|V/pV | = pd.

By induction,

|V/νnV | = pd(n−n0−1)|V/νn0+1V |

for n ≥ n0 + 1.

- If V/νnV is infinite then V cannot occur exactly as in case 1. This happens only
when (νn, f) 6= 1.

- If V/νnV is finite ∀n,

|V/νnV | = pdn+c, n ≥ n0 + 1,

for some constant c.

We obtain the following
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Proposition 2.8. Suppose

E = Λr ⊕
(

s⊕

i=1

Λ/(pki)

)
⊕




t⊕

j=1

Λ/(gj(T )


 ,

where each gj is distinuished (not necessarily irreducible).

Let m :=
∑

iKi and ` :=
∑

j deg gj.

If E/νnE is finite ∀n, then r = 0 and there exist n0 and c s.t.

|E/νnE| = pmp
n+`n+c, ∀n > n0.

We have an exact sequence

0→ A→ Y0 → E → B → 0

where A,B are finite and E is as in the last proposition. We know |E/νnE|, ∀n >
n0. It remains to obtain information for |Y0/νnY0|. At the moment, all we can
conclude is that

en = mpn + `n+ cn,

where cn is bounded. The following lemma solves our problem.

Lemma 2.9. (Assuming the ”Assumption”). Suppose that Y and E are Λ-modules
with Y ∼ E s.t. Y/νnY is finite ∀n ≥ 0. Then, for some constant c and for some
n0 we have that,

|Y/νnY | = pc|E/νnE|, ∀n ≥ n0.

Proof. Since Y ∼ E, ∃ homorphism φ : Y → E with |ker (φ)|, |coker (φ)| <∞.

We have the following commutative diagram

0 // νnY //

φ′n
��

Y //

φ

��

Y/νnY //

φ′′n
��

0

0 // νnE // E // E/νnE // 0

which can be written (using Snake Lemma)
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0 // ker (φ′n) //
_�

��

ker (φ) //
_�

��

ker (φ′′n)
_�

��

ED

BC@AOO

0 // νnY //

φ′n
��

Y //

φ

��

Y/νnY //

φ′′n
��

0

0 // νnE //

����

E //

����

E/νnE //

����

0

coker (φ′n) // coker (φ) // coker (φ′′n) // 0

There are the following inequalities:

(i) |ker (φ′n)| ≤ |ker (φ)|

(ii) |coker (φ′n)| ≤ |coker (φ)|

(iii) |coker (φ′′n)| ≤ |coker (φ)|

(iv) |ker (φ′′n)| ≤ |ker (φ)| · |coker (φ)|

Inequality (i) is obvious.

For inequality (iii): Representatives of coker (φ) give representatives for coker (φ ′′n)
so the inequality follows immediatelly.

For inequality (ii):

coker (φ) ∼= E/φ(Y ) and

coker (φ′n) ∼= νnE/φ(νnY ) ∼= νE/νnφ(Y ).

So, the map

coker (φ) // coker (φ′n)

x+ φ(Y ) � // νnx+ νnφ(Y )

is well-defined and surjective.
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because

E // νnE

x � // νnx

is surjective.

For inequality (iv): By the Snake lemma, there is a long exact sequence

0→ ker (φ′n)→ ker (φ)→ ker (φ′′n)→ coker (φ′n)→ coker (φ′′n)→ 0.

It follows that

|ker (φ′′n)| ≤ |ker (φ)||coker (φ′n)|
(ii)

≤ |ker (φ)||coker (φ)|.

Now suppose m ≥ n ≥ 0. We have the following inequalities.

(a) |ker (φ′n)| ≥ |ker (φ′m)|

(b) |coker (φ′n)| ≥ |coker (φ′m)|

(c) |coker (φ′′n)| ≤ |coker (φ′′m)|

For (a): Observe that νm = νm
νn
νn. Therefore νmY ⊆ νnY . This implies that,

ker (φ′m) ⊂ ker (φ′n).

For (b): Let that νmy ∈ νmE. Let z ∈ νnE be a representative for νny in
coker (φ′n). Then

νny − z = φ(νnx), for some x ∈ Y.

Mupliply by νm/νn to obtain

νmy −
νm
νn
z = φ(νmx) = φ′m(νmx).

So νm
νn

times representatives for coker (φ′n) gives representatives for coker (φ′m) i.e.
|coker (φ′n)| ≥ |coker (φ′m)|.
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For (c): It follows easily from νmE ⊆ νnE.

By the seven inequalities above, we conclude that |ker (φ′n)|, |coker (φ′n)| and
|coker (φ′′n)| are constant for n ≥ n0, for some n0.

It remains to conclude that for |ker (φ′′n)| as well.

By the Snake Lemma,

|ker (φ′n)||ker (φ′′n)||coker (φ)| = |ker (φ)||coker (φ′n)||coker (φ′′n)|.

It follows that |ker (φ′′n)| must be a constant for n ≥ n0. After that the lemma
follows easily.

We therefore have E as in the proposition, integers λ ≥ 0, µ ≥ 0, ν and n0 s.t.

pen = |Xn| = |X/Y0||Y0/νnY0|
= (some constant)|E/νnE|

= pλn+µpn+ν , ∀n > n0.

This completes the proof of the theorem.


